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Application of stress intensity factor superposition in residual 
stress fields considering crack closure 
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A B S T R A C T   

The correlation between stress intensity factor (SIF) range and fatigue crack growth is a powerful 
tool for fail-safe design approaches applied to lightweight structures. The key role is precise 
calculation of the SIFs of fatigue load cycles. Advanced material processing can shape residual 
stresses and makes SIF calculation a challenging task. While the consideration of tensile residual 
stresses is successfully tackled by SIF superposition, the treatment of compressive residual stresses 
needs still clarification. This work demonstrates the application of the SIF superposition principle 
in regions containing high compressive residual stresses leading to crack closure effects. Crack 
closure depends on the combined load of residual and applied stresses and is interpreted as a 
change of crack geometry in this work. Thus the relation between the source, i.e. the applied or 
residual stress, and its consequence, i.e. the corresponding SIFs, depends on the interaction of the 
sources, i.e. the combined load. Due to this interaction, residual stress-induced changes of the 
fatigue behaviour cannot be linked to the residual or applied SIF only. This work proposes two 
alternative definitions of applied and residual SIF, allowing a clear correlation between either 
residual or applied SIF to fatigue behaviour changes.   

1. Introduction 

The precise estimation of fatigue crack growth (FCG) is an important issue in design and maintenance of metallic lightweight 
structures. Especially the knowledge of the fatigue crack growth rate (FCGR) leads to an optimization of inspection intervals which is of 
high economic interest. It is known that the FCGR can be significantly influenced by residual stresses [1,2], especially when the ratio of 
residual and applied stresses is high [3]. Therefore, several residual stress modification techniques, allowing the generation of tailored 
residual stress profiles, e.g. hammer peening [4], shot peening [5], or laser shock peening [6], are applied to fatigue critical com-
ponents. While tensile residual stresses are supposed to accelerate FCG, compressive residual stresses can cause beneficial FCG 
retardation [1]; however, the favourable compressive residual stresses are always accompanied by balancing tensile stresses. 
Therefore, exact knowledge of the residual stress field and tools for the estimation of the FCGR influenced by residual stresses are 
necessary to extend the inspection intervals without compromising safety aspects. 

A common approach to estimate FCGR in sheet-like structures is the calculation of stress intensity factors (SIFs), which are suc-
cessively applied to empirical FCG equations such as Paris’ law [7] or NASGRO Eq. [8]. Typical inputs of these FCG equations are the SIF 
range and/or SIF ratio under the fatigue load cycles. Elber [9] related a lower FCGR to crack closure effects located next to the crack front 
that reduce the SIF range. This crack closure is caused by plastic deformation of the material next to the fracture surfaces, also named as 
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plastic wake, originally introduced by the stress field next to the crack front. This type of crack closure phenomenon is know as plasticity 
induced crack closure. The proposed solution is the correction of the SIF range to an effective SIF range. The correction is typically 
expressed with a crack opening function, such as proposed by Newman [10]. Residual stresses, introduced via local modification 
techniques, are based on the generation of plastic strain gradients. Therefore, crack closure caused by such residual stresses during FCG 
can be interpreted as plasticity induced as well. The difference of crack closure in compressive residual stress fields and Elber’s plasticity 
induced crack closure is the origin of plastic deformation. In theory, crack opening functions for specific compressive residual stress fields 
could be found as well. However, residual stress modification techniques allow specific shaping of stress fields, where it is impracticable 
to determine crack opening functions for theoretically all arbitrary residual stress profiles. Furthermore, it is shown by our previous work 
[11] that specific residual stress fields change the areas of crack closure, which are not necessarily connected to the crack front. 

In the context of linear elastic fracture mechanics, the influence of residual stresses on the actual SIF can be interpreted as a su-
perposition of a residual SIF Kres caused by residual stresses and an applied SIF Kappl resulting from applied loadings leading to 
Ktot = Kappl + Kres, see e.g. [12–14], where the total SIF Ktot approximates the actual SIF. This concept is experimentally validated by 
Newman et al. [15] when no crack closure occurs. However, crack closure leads to a non-linear relation between the applied loading and 
the total SIF. Some authors assume that a negative total SIF resulting from the superposition is not valid [16–19] and replace negative 
total SIF by zero (Ktot =0, if Kappl +Kres < 0 MPa

̅̅̅̅̅̅̅̅
mm

√
). This method is also called modified superposition method. A direct consideration of 

crack closure is added in the superposition contact method [20] and the new superposition contact method [21]. In the latter one, a third SIF 
Kcp caused by contact pressure at the crack surfaces is added to the superposition of residual and applied SIFs Ktot = Kappl + Kres + Kcp. 
While the superposition contact method allows a negative total SIF, the new superposition contact method replaces a negative total SIF by 
zero, similar to the modified superposition method. However, the question of the residual SIF calculation arises for all superposition 
techniques, e.g. if residual stress redistribution due to the crack growth needs to be considered as investigated by Lam and Lian [22]. The 
physical meaning of the residual SIF depends on the applied method for the SIF superposition. However, the physical meaning of the 
residual SIF should be generalized, which needs further elaboration. Additionally, these methods for SIF superposition rely typically still 
on two-dimensional calculations. However, to account for high residual stress gradients through-the-thickness, for instance generated by 
laser shock peening, the model framework needs to be three-dimensional. Such residual stress gradients may lead to a partially opened 
crack front which is closed next to the surfaces due to compression and opened at material mid-thickness, where balancing tensile re-
sidual stresses are present, as experimentally and numerically shown in our previous work [11]. 

In this paper, the applicability of the superposition principle by interpreting crack closure phenomena as a change of the crack 
geometry is discussed from theoretical point of view and proofed by three-dimensional numerical simulations considering the residual 
stress redistribution due to the crack growth. It is shown, that crack closure changes the linear relation between loading and SIF in an 
elastic body, which can be interpreted as a change of the crack geometry. This interpretation follows the superposition of stresses in an 
elastic body and avoids the calculation of a SIF caused by crack surface tractions, which are interpreted as inner forces instead. The 
decomposition of the total SIF changes depending on the occurrence of crack closure and the related crack geometry, where both, the 
applied and the residual SIF depend on the occurrence of crack closure. The source of plastic deformation, causing the residual stresses 
and crack closure, does not influence the proposed interpretation of the SIF superposition. The authors think that a definition of a 
residual and an applied SIF should serve the precise discussion of the impact of residual stresses, therefore two different definitions of 
applied and residual SIFs are given and discussed regarding their physical meaning, simplifying the link between physical phenom-
enon, such as FCG, and applied as well as residual SIF. 

2. SIF calculation and superposition 

2.1. SIF calculation in residual stress-free material 

Given the assumption that the plastic zone at the crack front during fatigue load is relatively small, linear elastic fracture mechanics 
is applied. For a two-dimensional problem, a SIF K can be correlated with the external loading Fappl via 

K = Y Fappl, (1)  

where Y is a geometry factor. Residual stresses are not considered. According to ASTM E647-15 the geometry factor Y of a C(T) 
specimen is given by 

Y =

[
2 + a

W

]

B
̅̅̅̅̅
W

√ [
1 − a

W

]3/2

[

0.886 + 4.64
a
W

− 13.32
[ a
W

]2
+ 14.72

[ a
W

]3
− 5.6

[ a
W

]4
]

, (2)  

depending on the actual crack length a, the material thickness B, and the length of the specimen W. 
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Both, a change of the crack length (i) or crack closure (ii) influences the geometry factor Y. These dependencies are illustrated by 
the consideration of a standard C(T) specimen without residual stresses:  

(i) The change of Y depending on the crack length is given by Eq. (2).  
(ii) Negative applied forces lead to the occurrence of crack closure along the entire fracture surface. Thus, SIF and Y are set to zero. 

In the following, a change of the linear relation between applied load and SIF, as given by the geometry factor Y, is interpreted as a 
change of the crack geometry, where the same applied loads lead to different stress distributions in the specimen depending on the 
crack geometry, resulting in different SIFs. Thus, the term crack geometry is used to describe the linear correlation between applied 
loading and resulting SIF. The meaning of the term crack geometry is also used in a similar way for three-dimensional problems in the 
following sections. 

Eqs. (1) and (2) give a single SIF for the entire crack front due to mode I crack opening of sheet like materials without consideration 
of crack closure effects; however, high compressive residual stresses may lead to complex crack closure mechanisms, which violate the 
assumption of an opened crack front in Eq. (2). 

2.2. Numerical SIF calculation based on the crack closure technique 

In the following, a three-dimensional problem with a one-dimensional crack front is considered, which accounts for the complex 
residual stress field. The crack front is assumed to be perpendicular to the material surface and the SIFs depend on the position along 
the crack front. Thus, SIFs next to the surfaces differ from SIFs next to the mid-thickness of the material. The gradient of SIFs along the 
crack front increases when residual stress gradients are present. Therefore, this work distinguishes between an averaged SIF Kavg and a 
local depth-depend SIF Klocal, which represents the SIF at a specific location along the crack front. In this work, Kavg is calculated based 
on the element-wise determined SIF Kele via a finite element (FE) model to take the residual stress gradient into account 

Kavg =

∑Nele
J=1 bJ

ele Kele,J
∑Nele

J=1 bJ
ele

, (3)  

where Nele is the number of elements and bJ
ele is the element thickness of the Jth element along the crack front, which is directed in the 

z-direction of the applied FE model. Note, that the difference of SIFs based on Eqs. (1) and (2) and Kavg are negligible for a residual 
stress-free C(T) specimen in this work. 

An energy based approach, the crack closure method or two-step crack closure technique, is used to numerically determine the local 
SIF. The crack is extended element-wise in the applied approach, by releasing the nodes of the crack front from the previous increment. 
The interested reader is referred for a detailed description of this technique to [23,24]. The elemental energy release rate GJ

ele of the Jth 

element is calculated via 

GJ
ele =

1
2bJ

ele Δa

∑2

l=1
Cl ul

y Fl
y =

∑2

l=1
G*,l

node, (4)  

where Δa represents the increment of the crack length extension, Fl
y the nodal force, ul

y the nodal displacement, l the local node 
number, and Cl a weighting parameter. Cl takes the size of the new surface due to the crack extension after releasing the nodes at crack 
front from the previous increment into account: 

C1 =
bJ

ele

bJ
ele + bJ− 1

ele
, C2 =

bJ
ele

bJ+1
ele + bJ

ele
, (5)  

see Fig. 1.1 The energy release rate related to each element GJ
ele consists of the contributions Gl,*

node calculated for the respective node 
values Fy and uy. Two distinctions depending on the sign of Fy and uy are made regarding Gl,*

node, leading to four different cases 

Gl,*
node =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

− Gl
node = Gnode,sep, for Fy ⩽ 0; uy ⩾0,

Gl
node = Gnode,pen, for Fy ⩾ 0; uy ⩽ 0,

0, for Fy > 0; uy > 0,
0, for Fy < 0; uy < 0

with Gl
node =

Cl ul
y Fl

y

2 bele Δa
. (6)  

uy ⩾ 0 represents a physically opened crack, corresponding to a separation of nodes, leading to a positive SIF. The energy release rate 
for uy ⩾ 0 is named Gnode,sep. However, uy < 0 leads to penetration of crack surfaces, which does not occur at real cracks 2. The energy 

1 Note, that the sum of C1 and C2 for adjacent elements in the same node is one: C2
ele,n + C1

ele,n+1 =
bn

ele
bn+1

ele +bn
ele
+

bn+1
ele

bn+1
ele +bn+1− 1

ele
= 1.  

2 Note, that uy < 0 does not occur, if penetration is prevented via modelling crack face contact. 
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release rate in case of uy < 0 is named Gl
node,pen. The penetration of crack surfaces is mathematically taken into account, by linking 

Gl
node,pen to a negative SIF: 

Kele =

⎧
⎪⎨

⎪⎩

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

E’
⃒
⃒
⃒Gl

node,sep − Gl
node,pen

⃒
⃒
⃒

√

, for |Gl
node,sep| − |Gl

node,pen| ⩾ 0,

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

E’
⃒
⃒
⃒Gl

node,sep − Gl
node,pen

⃒
⃒
⃒

√

, for |Gl
node,sep| − |Gl

node,pen| < 0
, (7)  

where E′ represents the modified Young’s modulus, i.e. for plane stress E′ = E or for plane strain E′ = E (1 − ν2)
− 1 with Poisson’s ratio ν. 

A negative SIF is treated as pure mathematical value in terms of SIF superposition. Special attention has to be paid when Fy and uy have 
the same sign. These cases occur in residual stress fields with high gradients perpendicular to the surface (x–y plane). While a negative 
Gnode is linked to an energy release rate, a positive Gnode corresponds more to an energy storage. In this work, energy storage is 
considered as unphysical and therefore a positive Gnode is set to zero instead. Finally, the average SIF over the crack front Kavg is 
calculated accordingly to Eq. (3). 

2.3. Superposition principle of SIF 

Based on linear elastic fracture mechanics, SIFs follow the superposition principle, see e.g. Withers [14]. Accordingly, a combined 
loading can be decomposed into different contributions, where each of the individual loadings can be applied to the structure sepa-
rately. The resulting stresses and SIFs are determined from pure superposition of the stresses and SIFs resulting from the individual 
partial loadings, see Fig. 2(a). This principle is also applicable to components that include residual stresses. Thus, residual and applied 
stresses as well as SIFs are distinguished, where the residual SIF Kres is associated with residual stresses and the applied SIF Kappl with all 
applied loadings: 

Ktot = Kappl + Kres. (8)  

Assuming that the crack geometry remain constant for the partial loadings which corresponds to an opened crack, Kappl can be 
calculated by Eq. (1) in a two-dimensional system. Two different methods are commomnly employed to calculate Kres, the weight 
function method [25,26] and the FE analysis [16,27]. 

This work discusses the influence of the crack geometry on the superposition principle and answers the question how Kappl and Kres 
would need to be calculated to apply the superposition principle consistently. The work is intended as proof of concept of the su-
perposition principle even in the occurrence of compressive residual stresses, leading to a change of crack geometry due to crack 
closure mechanism. 

3. SIF superposition in presences of high compressive residual stress fields demonstrated by FE analysis 

In the following, an FE model is used to demonstrate the applicability of the superposition principle in case of high residual stress 
gradients and local crack closure effects. 

3.1. Numerical model set up 

As a case study, the applicability of the superposition is discussed based on the example of a C(T)100 specimen with 4.8 mm 
thickness and a complex residual stress field, e.g. generated by local modification techniques such as laser shock peening. In [28] 

Fig. 1. Schematic of the calculated nodal forces Fl
y and the displacements ul

y in point P1 and P2 along the one-dimensional crack front.  
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residual stresses with a compressive maximum of 300 MPa are introduced, representing approximately 85% of the yield strength of the 
investigated aluminium alloy AA2024. Based on the symmetry in the x–z plane of the problem, half of a C(T) specimen is modelled 
using the commercial FE software ABAQUS.3 The FE model consists of approximately 100000 three-dimensional eight-noded con-
tinuum elements with reduced integration (C3D8R). The element size along the fatigue crack path is 1× 1× 0.2mm3, ensuring mesh 
independence and a high resolution of residual stress gradient in thickness direction. Linear elastic material behaviour is assumed with 
Young’s modulus E = 73 GPa and Poisson’s ratio ν = 0.33, representative for aluminium alloys. The force Fappl is applied at the top 
nodes of the pin, where the pin is not explicitly modelled to avoid simulating contact between pin and C(T) specimen. Symmetry 
boundary conditions are applied along the symmetry plane before the crack growths. SIFs are calculated for different crack lengths 
based on the determined nodal force Fy and displacement uy, as presented in Section 2.2. The crack is extended node-wise along the 
crack path by replacing the symmetry conditions at the nodes by either contact conditions to a rigid plane or a free surface. The crack 
front is modelled straight along the z-direction. The assumption of a crack extension along the symmetry plane and a straight crack 
front are proven by an experimental simulation for laser-shock-peening-introduced residual stresses in AA2024 regarding the FCGR 

Fig. 2. The superposition principle of stresses allows the individual calculation of SIF for partial loading (KF and KM) to determine the total SIF Ktot , 
(a). The superposition principle can also be used to separate the SIF of residual and applied stresses (Kres and Kappl), (b). However, compressive 
residual stresses may influence the crack geometry by causing crack closure, which needs to be considered when the superposition principle 
is applied. 

Fig. 3. FE model of a half C(T)100 specimen. Symmetry conditions are applied at the x–z symmetry plane in the uncracked region. These are 
replaced either by contact conditions to a rigid plate or by a free surface in the cracked area. Contact conditions simulate crack face contact in the 
case of combined loading. A free surface models a specific crack geometry of residual or applied loading; however, allows crack face penetration. 

3 It should be noted, that symmetric through-the-thickness residual stress profiles allow the use of symmetry conditions along the x–y plane at the 
mid-thickness of the material as well. However, application of laser shock peening from both sides, may lead to an unsymmetric through-the- 
thickness residual stress profile; hence, possible through-the-thickness symmetric simplifications are neglected. 
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estimation [28]. The crack surface deforms due to formation of a new residual stress equilibrium after the crack extension. These 
assumptions need to be validated for the specific use cases; however, the general idea of the proposed SIF superposition can be applied 
for curved crack fronts as well. 

Residual stresses are introduced by the eigenstrain approach [29,30], where the eigenstrains are modelled as thermal strains. For 
this purpose, anisotropic thermal expansion coefficients are assigned to certain regions of the C(T) specimen. The required thermal 
strain field is generated by a temperature increase, leading to the desired residual stress field. 

The specific applied residual stress distribution in this study is related to a typical residual stress field after double-sided laser shock 
peening treatment, see Keller et al. [28]. Such a residual stress field is characterized by high compressive residual stresses next to the 
specimen surfaces and contains tensile residual stresses at mid-thickness, see Fig. 4. The specific residual stress distribution discussed 
in the following contains compressive residual stresses next to the surfaces at 35 mm < x < 50 mm of the C(T) specimen. Balancing 
tensile residual stresses are present in front and behind the peened area. The specific considered residual stress distribution leads to 
complex crack closure phenomena at lower applied forces, as described in detail in [11]. Crack face contact occurs in regions of high 
compressive residual stresses next to the material surface at low applied forces, while the crack remains open at mid-thickness, where 
tensile residual stresses are located. 

The eigenstrains of the laser-shock-peening-induced residual stresses correspond to the laser-shock-peening-introduced plastic 
strains. Thus, the plastic deformation due to the laser shock peening treatment is considered by the applied numerical simulation due 
to the introduced eigenstrains. It has to be mentioned, that the source of the eigenstrains does not need to be laser shock peening, e.g. 
plastic deformation induced by the plastic wake could be introduced to the model as well, as long as the corresponding plastic 
deformation is known. As the plastic wake depends mainly on the maximum SIF of a load cycle and the material yield strength, 
correction functions of SIFs calculated without the consideration of the plastic wake can be found. However, the determination of a 
correction function is not practical for nearly arbitrary plastic strain profiles introduced by processes such as laser shock peening. 
Preliminary simulations of the authors showed, that the contact forces at the crack surfaces as well as the residual stress redistribution 
do not lead to plastic deformation that influence the SIF significantly. Thus, the elastic simulations includes the effect of the laser- 
shock-peening-induced plastic deformation as eigenstrains of the residual stress field. 

3.2. Proof of concept: SIF superposition considering the specific crack geometry 

The described FE model of a C(T) specimen is used to demonstrate the importance of the changed crack geometry due to crack 
closure, to calculate the residual and applied SIF by numerical simulation separately, see Fig. 5. Firstly, the SIF Kcomb, the nodal 
displacements uy,comb and the nodal forces Fy,comb at the crack front are calculated for combined loading with crack face contact. 
Additionally, the crack geometry is recorded, i.e. the nodes along the crack surfaces which are in crack face contact. Secondly, the 
crack extension simulations are performed without the modelling of crack face contact and either with present residual or applied 
stresses, described as separated loading. Symmetry boundary conditions are applied at the nodes, which were in crack face contact for 
combined loading, to mimic the corresponding crack geometry. The individual simulations of applied and residual stresses give the 
applied SIF KFE,Y*

app and the residual SIF KFE,Y*

res for the specific crack geometry of the combined loading indicated by the specific geometry 
factor Y* calculated by the FE analysis. Furthermore, the corresponding nodal displacements and forces are stored as well (uy,app, uy,res,

Fy,app, and Fy,res). The total nodal displacement uy,tot , forces Fy,tot and the total SIF Ky,tot are calculated by the superposition of the 
respective quantities for separate loading. 

Following this described simulation scheme, SIF, uy, and Fy are calculated separately for applied and residual stresses at two applied 
forces, i.e. Fappl = 400 N and Fappl = 4000 N. Fy,comb and uy,comb are shown for the respective crack length over the depth of the C(T) 
specimen in Fig. 6. 

⃒
⃒Fy,tot − Fy,comb

⃒
⃒ and 

⃒
⃒uy,tot − uy,comb

⃒
⃒ indicate the respective absolute error, which are less than one per mill in relative 

terms. 
Fig. 6(h) indicates a closed crack front at regions of high compressive residual stresses, as uy,comb = 0 mm and Fy,comb ⩾ 0 N. It has to 

be mentioned, that negative forces Fy,comb do not lead to a negative SIF, when crack face contact is modelled, as uy,comb = 0 mm holds. 
While crack face contact occurs for Fappl = 400 N, no crack closure can be observed for Fappl = 4000 N. 

Fig. 4. Residual stress distribution at the symmetry plane of the C(T) specimen (a). Compressive residual stresses are present next to the surfaces at 
35 mm < x < 50 mm, balancing tensile residual stresses are present at mid-thickness and for x < 35 mm as well as 50 mm < x. The residual stress 
profile over depth is shown in (b). 
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Fig. 5. Schematic of the simulation approach to demonstrate the application of the superposition principle. An FE simulation is used to calculate the 
crack geometry, indicated by Y*, the nodal displacements uy,comb, and forces Fy,comb for the combined load case. The respective SIF Kcomb is calculated 
subsequently based on uy,comb and Fy,comb. a0 = 21 mm is the starting crack length of the simulation. Subsequently, uy,appl/res and Fy,appl/res caused by 
applied and residual stresses considering the specific crack geometry Y* are calculated separately. The SIF KFE,Y*

app and KFE,Y*
res , calculated by the 

respective nodal displacements and forces, are superimposed to calculate the total SIF Ktot . 

Fig. 6. Nodal force Fy and displacement uy at the respective crack front for combined loading with Fappl = 400 N (a,c) and Fappl = 4000 N (e,g). 
The absolute error of the superposition is calculated by Ferr =

⃒
⃒Fy,tot − Fy,comb

⃒
⃒ and uerr =

⃒
⃒uy,tot − uy,comb

⃒
⃒ for the nodal forces and displacements at 

Fappl = 400 N (b,d) and Fappl = 4000 N (f,h). 
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The superposition of the SIF over depth is shown for every crack length in in Fig. 7 and in a two-dimensional plot as example for 
carachteristic crack lengths in Fig. 8 at Fappl = 400 N and Fappl = 4000 N. The penetration of the crack edges4 allows the calculation of 
negative SIF, as present for KFE

res at Fappl = 4000 N. It has to be mentioned, that a negative residual SIF does not have a physical 
interpretation, but reduces the total SIF after superposition. The change of the crack geometry by crack closure under combined 
loading prevents the occurrence of a negative total SIF Ktot. The superposition of KFE

appl and KFE
res has an overall small error, see Fig. 7(d) 

and Fig. 7(h). The error increases, when a sign change is present for KFE
res, see also Fig. 8(c). This increased error is caused by the fact that 

the energy release rate is set to zero in case of nodal value pairs uy and Fy having the same sign, see Eq. (6). Crack face contact in regions 
of high compressive residual stresses causes a reduced Kcomb for x > 50 mm and Fappl = 400 N, see Fig. 7. The area of crack face contact 
has not to been connected to the crack front. 

A closer look on the SIFs along the crack front, Fig. 8, illustrates the effect of the changed geometry depending on the combined 
loading. The crack is completely opened in front the peened area for Fappl = 4000 N Fig. 8(a) and Fappl = 400 N Fig. 8(b); hence, the 
residual SIF is the same. Crack closure effects occur at Fappl = 400 N inside the peened area Fig. 8(d) and lead to a zero value residual 
SIF next to the material surfaces, but a positive SIF at mid-thickness, where tensile residual stresses are located. The force 
Fappl = 4000 N opens the crack completely Fig. 8(c), so that the residual SIF is negative in the region of compressive residual stresses 
next to the material surface, as the crack geometry allows the penetration of the crack surface. The residual stresses at mid-thickness is 
set to zero, as the nodal value pairs uy and Fy have the same sign, when the energy release rate is calculated. This leads to a slight 
mismatch of Kcomb and Ktot, which does not have a significant impact on averaged SIFs Kcomb,avg and Ktot,avg. Crack closure still occurs at 
Fappl = 400 N inside the peened area, even when the crack front is already located behind the peened area. In contrast, Fappl = 4000 N 
opens the crack completely. Consequently, the residual SIF for the crack geometry at Fappl = 4000 N and Fappl = 400 N differ, see Fig. 8 
(e) and (f). Note, that the linear relation between the force Fappl and the applied SIF differs for the regions inside and behind the peened 

Fig. 7. Local SIFs over depth for crack length 22 mm < a < 60 mm. KFE
appl and KFE

res are calculated for the respective crack geometry resulting from the 
combined loading with Fappl = 400 N (a,b) and Fappl = 4000 N (e,f). The SIF Kcomb of the combined loading is shown in (c) and (g) for the respective 
applied force. The error of the superposition of KFE

res and Kres
appl remains below 1 MPa

̅̅̅̅
m

√
, except for regions which show to a positive energy release 

rate, see (d) and (h). 

4 The penetration of crack edges is allowed for the individual calculation of KFE
res and KFE

appl, see Fig. 5. 
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area for the geometry at Fappl = 400 N as well, while this linear relation is the same for the complete opened crack at Fappl = 4000 N. 
Although small differences of Ktot and Kcomb can be observed at locations, where the sign of the residual stress changes, the averaged 

SIF Ktot,avg and Kcomb,avg coincide, see Fig. 9(a). In this regard, the general applicability of the superposition in case of complex crack 
closure behaviour, caused by residual stresses with high gradients over the material thickness, is clarified by considering crack closure 
as a change of the crack geometry. 

The applied SIF depend on the crack geometry at combined loading, see Fig. 9(b). The crack is completely opened at 
Fappl = 4000N; hence, the geometry factor of the combined loading corresponds to the assumptions of Eq. (2). Thus, KFE

appl,avg agrees to 
KASTM

appl,avg, where KASTM
appl,avg is calculated based on ASTM, see Eqs. (1) and (2). However, crack closure occurs at Fappl = 400N, leading to a 

different geometry factor compared to a completely opened crack as assumed by applying ASTM: KFE
appl,avg < KASTM

appl,avg. This difference 

Fig. 8. SIFs along the crack front for the crack lengths a = 30 mm (a,b), a = 45 mm (c,d), and a = 55 mm (e,f) at the applied forces Fappl = 400 N and 
Fappl = 4000 N. While nearly constant tensile through-the-depth residual stresses cause an approximately constant SIF distribution in front (a,b) and 
behind (e,f) the peened area, compressive residual stresses next to the material surface and tension at mid-thickness cause a curved SIF distribution 
inside the peened area (c,d). The specific crack geometry resulting from crack closure effects cause different residual SIF distributions along the 
crack front inside and behind the peened area for different applied loads. In contrast, the residual SIF distribution is the same in front of the peened 
area, as the crack is completely opened at Fappl = 400 N and Fappl = 4000 N. 
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shows that the analytical calculation according to ASTM, i.e. KASTM
appl,avg does not calculate the applied SIF accurately when crack closure 

occurs. 
The residual SIF is calculated for the geometry of combined loading for different applied loadings, see Fig. 9(c). The crack is 

completely opened for Fappl = 4000N. Thus, penetration of the fracture surfaces is allowed along the entire crack for the calculation 
of KFE

res,avg corresponding to the geometry of an opened crack. The penetration of crack edges leads to negative KFE
res,avg. In contrast, 

Fappl = 400N, and Fappl = 0N do not open the crack completely during combined loading, leading to crack face contact. In this specific 
case, the areas of crack face contact are nearly identical resulting in the approximately same crack geometry. Consequently, KFE

res,avg is 
almost identical for Fappl = 400N and Fappl = 0N. KFE

res,avg does not become negative, due to the specific crack geometry. 
This investigation demonstrates that both, the residual as well as the applied SIF depend on the crack geometry under combined 

loading. This dependency has to be taken into account, when residual stress modification techniques are applied to modify Kcomb, as the 
efficiency of such modification techniques depend on the applied loading. 

4. Discussion of SIF superposition for practical application 

4.1. Different SIF definitions 

Besides the previous discussion and illustration of the superposition principle in terms of Kappl,avg and Kres,avg considering the ge-
ometry under combined loading, two different definitions of the residual SIF Kres,avg are theoretical possible simplifying the practical 
application by changing the physical meanings of either Kres,avg or Kappl,avg. All three definitions are discussed in the following:  

1. SIF superposition following stress superposition. 
Kappl,avg and Kres,avg are separated by a superposition principle of stresses, as described in Section 3. This means that Kres is the SIF 

caused by residual stresses at specific applied loading. However, this definition requires the exact knowledge of the crack geometry, 
e.g. described by Y, at combined loading to calculate Kappl,avg and Kres,avg independently.  

2. Kres,avg as difference to residual stress–free material. 
Kres,avg is taken as difference between Kcomb,avg and Kappl,avg, where Kappl,avg is calculated for residual stress-free material, e.g. based 

Fig. 9. Comparison of SIF determined by FE simulations for combined loading Kcomb,avg and after superposition Ktot,avg for Fappl = 400 N and 
Fappl = 4000 N (a). KFE

appl,avg and KFE
res,avg determined for different crack geometries under combined loading as well as KASTM

appl,avg calculated for applied 
loading only (b) and (c). RS refers to residual stress in the graphs. 
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on standard KASTM
appl,avg, Kres,avg := Kcomb,avg − KASTM

appl,avg. This definition is for instance used by Bao et al. [25] and has its origin in the 
consideration of tensile residual stresses. By using this concept for cases including crack closure, Kres describes the SIF change 
compared to residual stress-free material. Thus, Kres depends on the applied loading, which influences the crack geometry as 
discussed in the previous section.  

3. Kres,avg as residual SIF. 
Kappl,avg is defined as difference between Kcomb,avg and Kres,avg, where Kres,avg is calculated without external loadings, i.e. K0 N

res,avg is 
calculated at Fappl = 0 N and used to calculate the applied SIF: Kappl,avg := Kcomb,avg − K0 N

res,avg. This definition uses the original 
meaning of residual and applied. Kres,avg is the SIF, which remains in the material after all external loadings are removed 
(Fappl = 0 N); hence, Kres is the residual SIF and does not depend on the applied loading. 

While the first definition represents the mathematically correct application of the superposition principle of stresses in the sense of 
stress superposition in an elastic body with small deformations, the second definition allows an easy calculation of Kappl,avg and has its 
strength in the calculation of SIF in completely opened cracks. The third definition allows the natural description of the material in 
subsequent application, as the residual SIF is considered as initial state. 

4.2. Applicability of SIF superposition definitions 

The consequences of the proposed SIF definition of the previous section are addressed in the following by consideration of averaged 
SIF, see Eq. (3). The physical meaning of the residual and applied SIF based from the individual SIF definition, their practical use, and 
the consequences on the specific calculation are discussed. 

For this purpose, the same residual stress distribution as before, i.e. Fig. 4, is considered. In this regard, tensile residual stresses are 
present for 20 mm < a < 35 mm as well as for 50 mm < a < 60 mm and compressive residual stresses at 35 mm ⩽ a ⩽ 50 mm. The 
tensile residual stresses lead to an opened crack even without applied loading Fappl ⩾ 0 N at 20 mm < a < 35 mm. Thus, the crack 
geometry of combined and applied loading as well as the crack geometry with residual stresses represents always an opened crack. As 
the crack geometry is the same for these loading conditions, the calculated SIFs according to all three definitions are the same, see 
Fig. 10. Thus, the distinction of the three definitions does not influence the commonly used SIF superposition for tensile residual 
stresses and tensile loadings in the literature. 

In contrast to tensile residual stresses, compressive residual stresses combined with tensile loading lead to different SIFs according 
to the SIF definitions. Two characteristic cases in terms of the crack geometry are discussed in the following to demonstrate the effect of 
compressive residual stresses, i.e. the discussion concentrates on a crack within 35 mm ⩽ a < 60 mm according to Fig. 3 and 4. The first 
case represents the situation of a completely opened crack, which is present at combined loading for Fappl = 4000 N, see Section 3. The 
second case considers an applied loading of Fappl = 400 N, where the crack geometry under combined loading approximately cor-
responds to the crack geometry resulting from residual stresses only. 

The applied and residual SIFs of Definition 2 correspond to Definition 1 considering the opened crack geometry at Fappl = 4000 N, 
see Fig. 10(a) and (b). The completely opened crack under combined loading allows the calculation of the applied SIF according to 
ASTM, i.e. Eq. (1) and (2), which also holds for Definition 1. For Definition 1 and 2, the residual SIF is calculated by allowing the 
penetration of the entire crack surface, leading to KDif .1

res,avg < 0 MPa
̅̅̅̅
m

√
and KDif .2

res,avg < 0 MPa
̅̅̅̅
m

√
. Definition 3 considers the residual SIF as 

SIF without external loading; hence, the residual SIF is calculated with the assumption of crack face contact. This leads to a residual SIF 
KDif .3

res,avg ⩾ 0 MPa
̅̅̅̅
m

√
. Thus, the applied SIF differs from the applied SIF of Definition 1 and 2, see Fig. 10(b). 

In contrast to Fappl = 4000 N, the crack partially closes for combined loading at Fappl = 400 N. Therefore, the applied and residual 
SIF of Definition 1 and Definition 3 are in a good agreement 5. It is important to note, that the applied SIF changes depending on the 
closure for Definition 1 and 3, see Fig. 10(c). 

To conclude, all definitions of the superposition principle give the same total SIF, see Fig. 10(e). While the partition in residual and 
applied SIF is the same for all three definitions considering tensile residual stresses and tensile loading, residual and applied SIF differ 
depending on the definition when compressive residual stresses are present. Definition 1 calculates the residual and applied SIF 
depending on the source of the respective stresses. Definition 2 assumes that the applied SIF is not influenced by residual stresses and 
corresponds to Definition 1, as long as the crack is completely opened. Thus, Definition 2 is practically applicable, when external forces 
open the crack completely. The residual SIF needs to be calculated once with assumption of crack face penetration, thereafter the 
applied SIF can be calculated with standard equations, like ASTM, to determine the total SIF for different external loadings. The re-
sidual SIF of Definition 2 describes the change of the total SIF compared to residual stress-free material in any case. Thus, the residual 
SIF of Definition 2 can be easily linked to changes of the fatigue behaviour due to residual stresses. Definition 3 calculates the residual 
SIF as remaining SIF without external loading. Under decreasing external loading the SIF of Definition 1 and 3 match. Additionally, 
when the external loading is zero, SIFs of the two Definitions 1 and 3 are identical. The residual SIF by Definition 3 is of importance, 
when the permanent loading of a crack has to be evaluated. The residual SIF of Definition 3 is calculated by considering crack closure 
along the entire crack surface. Note, that residual and applied SIFs of different definitions cannot be mixed to calculate the total SIFs 
under compressive residual stresses. 

5 The applied and residual SIF of Definition 1 and 3 are the same when the areas of crack closure are the same, i.e. at Fappl = 0 N. 
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Finally, a short comment on FCG: (i) the assumption, that the total SIF range of combined loading (generally known as ΔKtot)6 is not 
influenced by residual stresses does not hold for a general case. The residual SIF changes depending on the crack geometry as 
demonstrated in Section 3. The assumption of an unchanged total SIF range ΔKtot can be made when the crack geometry remains 
unchanged for the minimal and maximal applied loading. (ii) A simplification of the residual SIF calculation can be made, when the 
maximum applied loading opens the crack completely and the minimum applied loading causes a crack geometry approximately 
corresponding to a closed crack. The residual SIF at maximum loading can be calculated with allowing the penetration of the crack 
surfaces and the residual SIF at minimum loading can be approximated by applying crack face contact. 

Fig. 10. SIF corresponding to the three proposed definitions for Fappl = 4000 N (a,b) as well as for Fappl = 400 N (c) and (d). The two applied forces 
lead to characteristic cases, where Definition 2 coincides with Definition 1 for an completely opened crack (a,b) and Definition 1 corresponds to 
Definition 3 at low applied forces (c,d). The addition of the respective residual and applied SIF according to its definition leads to the same SIF of the 
combined loading (e). 

6 ΔK is the difference of the SIF at minimum and maximum externally applied load of a load cycle. 
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5. Conclusion 

This work demonstrates the applicability of the superposition principle of SIF considering high compressive residual stresses and 
crack closure phenomena, where crack face contact is considered as a change of crack geometry. The specific crack geometry under 
combined loading of residual and applied stresses has to be known to apply the superposition of SIF according to the superposition of 
stresses in an elastic body with small deformation. Considering a given residual stress distribution, the applied loadings define the 
occurrence of crack closure. As the crack geometry changes with the occurrence of crack closure, the partition of the total SIF into the 
residual and applied SIF changes as well. Two alternative definitions of applied and residual SIF are proposed, leading to different 
physical meanings of the respective SIF. These definitions simplify the correlation between changes of applied and residual SIF to 
resulting physical phenomena such as FCG. The different definitions coincides with the SIF calculated by the superposition of stresses 
for the characteristic cases of an completely opened and nearly closed crack. All three definitions of SIF match for the case of tensile 
residual and applied stresses and fit to the commonly applied superposition principle of SIFs in tensile residual stress fields. 
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