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Abstract: This paper deals with a Luenberger Observer structure which is
devoted to the identification of state variables of a Linear Time Invariant (LTI)
system. In particular, a disturbance acting as an unknown input is estimated
under the hypothesis of quasi-stationarity. Without loosing the generality, a
system of the second order is taken into consideration and a constructive propo-
sition is proven.
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1. Introduction and Motivation

The paper proposes a technique to identify disturbances in which the main idea
is to use an integration between a state observer and a disturbance observer
to estimate the non-measurable state and the disturbance. In the field of the
control of actuators, observers are widely used. For instance, in [1] the author
implemented a switching extended Kalman Filter with a switching dynamics
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and in [2] a sliding mode observer is proposed. In [3] a cascade Kalman Filter
is proposed as an observer to estimate the state in sensorless control for an ac-
tuator. In this sense, observers are widely used in many industrial applications
to save sensors and also to filter data.

2. Problem Formulation and its Solution

Let’s consider the following disturbed linear time invariant (LTI) system rep-
resented in its controllability canonical form which arranges the coefficients of
the transfer function denominator across one row of an A matrix as follows:
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︸ ︷︷ ︸
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︸ ︷︷ ︸
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︸︷︷︸

B
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0
0
...
0
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︸︷︷︸

D

d(t), (1)

where u(t) and d(t) are the input and the disturbance acting on the system,
X(t) is the state vector of the system with n ∈ N which represents the order of
the system. Let’s consider the following extended Luenberger Observer for the
linear system defined above in which a quasi-static condition for a disturbance
is considered. The quasi-static condition is characterised by ḋ(t) ≈ 0 and the
Luenberger Observer can be written as follows:

[
˙̂
X(t)
˙̂
d(t)

]

=

[
A 0
0 0

] [
X̂(t)

d̂(t)

]

+Bu(t) + LCX̂(t), (2)
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where

y(t) =
[
1 0 . . . 0

]

︸ ︷︷ ︸

C










x1(t)
x2(t)
...

xn−1(t)
xn(t)










︸ ︷︷ ︸

X̂(t)

, (3)

and

L =










al1
al2
...

al(n−1)

aln










, (4)

it is always possible to show that there exists always a matrix L which charac-
terises the Luenberger Observer to estimate the whole state and the quasi-static
disturbance acting on the system. For sake of brevity, just the case with n = 2
is proven. If the following system of the second order is considered:

{
ẋ1(t) = x2(t)
ẋ2(t) = −a2x1(t)− a1x2(t) + uin(t) + d(t),

(5)

let take into consideration the Luenberger Observer as follows:






˙̂x1(t) = x̂2(t) + al1(x1(t)− x̂1(t))
˙̂x2(t) = −a2x̂1(t)− a1x̂2(t) + al2(x1(t)− x̂1(t)) + uin(t) + d̂(t)
˙̂
d(t) = al3(x1(t)− x̂1(t)),

(6)

where x̂(t) = [x1(t) x2(t) d̂v(t)]
T is the observed state vector which consists of

the two state variables and the observed disturbance variable d̂(t). Considering

ρ(t) = [ρ1(t) ρ2(t) ρ3(t)]
T , (7)

the error vector is defined as follows:






ρ1(t) = x1(t)− x̂1(t)
ρ2(t) = x2(t)− x̂2(t)

ρ3(t) = d(t)− d̂(t).

(8)

Proposition 1. If the gain parameters al1, al2 and al3 ∈ R with al1 >

−a1, al2 > al1a1 − a2, al3 > 0 and (a1 + al1)(al1a1 + al2 + a2) > al3, then
limt→+∞ ρ(t) = 0.
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Proof. Considering the above defined error

ρ(t) = [ρ1(t) ρ2(t) ρ3(t)]
T , (9)

considering (8) and combining relations (5) and (6), then:






ρ̇1(t) = ρ2(t)− al1ρ1(t)
ρ̇2(t) = −(al2 + a2)ρ1(t)− a1ρ2(t) + ρ3(t)
˙̂ρ3(t) = −al3ρ1(t) + ḋ(t).

(10)

The observation error can be expressed as follows:

ρ̇(t) = Aeρ(t) +Beḋv(t), (11)

where

Ae =







−al1 1 0

−(al2 + a2) −a1 1

−al3 0 0







and Be =







0

0

1






. (12)

The characteristic equation of matrix Ae is:

det(λI −Ae) =







λ+ al1 −1 0

(al2 + a2) λ+ a1 −1

a3 0 λ






= 0. (13)

Then
λ3 + (al1 + a1)λ

2 + (al1a1 + al2 + a2)λ+ a3l = 0. (14)

It is straightforward to show, using for instance the Routh-Hurwitz test, that
if the following conditions are guaranteed, then a Hurwitz matrix is obtained:

a1 + al1 > 0, (15)

al1a1 + al2 + a2 > 0, (16)

al3 > 0, (17)

and
(a1 + al1)(al1a1 + al2 + a2) > al3, (18)

thus from (15) it follows that al1 > a1 and from (16) it follows that al2 >

−al1a1 − a2 and choosing parameter al3 in an appropriate way, it is always
possible to satisfy (18), then matrixAe is a Hurwitz matrix and the convergence
of the estimation of the observer is shown.
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3. Conclusion

This paper deals with a Luenberger Observer used for estimation of the state
of a LTI system and in particular, for a quasi-static disturbance acting as an
unknown input. A general structure such an observer is shown and, without
loosing the generality of the result, a proposition concerning a system of the
second order is proven.

References

[1] P. Mercorelli. A hysteresis hybrid extended Kalman filter as an ob-
server for sensorless valve control in camless internal combustion en-
gines. IEEE Transactions on Industry Applications, 48(6):1940–1949, 2012.
DOI:10.1109/TIA.2012.2226193.

[2] P. Mercorelli. A two-stage sliding-mode high-gain observer to reduce un-
certainties and disturbances effects for sensorless control in automotive ap-
plications. IEEE Transactions on Industrial Electronics, 62(9):5929–5940,
2015. DOI:10.1109/TIE.2015.2450725.

[3] P. Mercorelli. A two-stage augmented extended Kalman filter as an
observer for sensorless valve control in camless internal combustion en-
gines. IEEE Transactions on Industrial Electronics, 59(11):4236–4247,
2012. DOI:10.1109/TIE.2012.2192892.



548


