
 

Different complex word problems require different combinations of cognitive skills
Strohmaier, Anselm R.; Reinhold, Frank; Hofer, Sarah; Berkowitz, Michal; Vogel-Heuser,
Birgit; Reiss, Kristina
Published in:
Educational Studies in Mathematics

DOI:
10.1007/s10649-021-10079-4

Publication date:
2022

Document Version
Publisher's PDF, also known as Version of record

Link to publication

Citation for pulished version (APA):
Strohmaier, A. R., Reinhold, F., Hofer, S., Berkowitz, M., Vogel-Heuser, B., & Reiss, K. (2022). Different
complex word problems require different combinations of cognitive skills. Educational Studies in Mathematics,
109(1), 89-114. https://doi.org/10.1007/s10649-021-10079-4

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 04. Juli. 2025

https://doi.org/10.1007/s10649-021-10079-4
http://fox.leuphana.de/portal/en/publications/different-complex-word-problems-require-different-combinations-of-cognitive-skills(ef731df2-ee7c-48db-96eb-113c9ff1213a).html
http://fox.leuphana.de/portal/de/persons/anselm-strohmaier(5aedf33a-4716-40cd-a225-e9c4db6be033).html
http://fox.leuphana.de/portal/de/publications/different-complex-word-problems-require-different-combinations-of-cognitive-skills(ef731df2-ee7c-48db-96eb-113c9ff1213a).html
http://fox.leuphana.de/portal/de/publications/different-complex-word-problems-require-different-combinations-of-cognitive-skills(ef731df2-ee7c-48db-96eb-113c9ff1213a).html
http://fox.leuphana.de/portal/de/journals/educational-studies-in-mathematics(85687ac5-0b43-4bc0-94a5-1f9142cad2e9)/publications.html
https://doi.org/10.1007/s10649-021-10079-4


Different complex word problems require different
combinations of cognitive skills

Anselm R. Strohmaier1 & Frank Reinhold2 & Sarah Hofer3 & Michal Berkowitz4 &

Birgit Vogel-Heuser5 & Kristina Reiss6

Accepted: 7 June 2021/
# The Author(s) 2021

Abstract
Mathematical word problem solving is influenced by various characteristics of the task and
the person solving it. Yet, previous research has rarely related these characteristics to
holistically answer which word problem requires which set of individual cognitive skills.
In the present study, we conducted a secondary data analysis on a dataset of N = 1282
undergraduate students solving six mathematical word problems from the Programme for
International Student Assessment (PISA). Previous results had indicated substantial vari-
ability in the contribution of individual cognitive skills to the correct solution of the different
tasks. Here, we exploratively reanalyzed the data to investigate which task characteristics
may account for this variability, considering verbal, arithmetic, spatial, and general reason-
ing skills simultaneously. Results indicate that verbal skills were the most consistent
predictor of successful word problem solving in these tasks, arithmetic skills only predicted
the correct solution of word problems containing calculations, spatial skills predicted
solution rates in the presence of a visual representation, and general reasoning skills were
more relevant in simpler problems that could be easily solved using heuristics. We discuss
possible implications, emphasizing how word problems may differ with regard to the
cognitive skills required to solve them correctly.

Keywords Word problems . Verbal skills . Spatial skills . Arithmetic skills . General reasoning
skills

1 Introduction

Word problems have been a focus of research in mathematics education for the past 50 years
(Verschaffel et al., 2000). Mathematical word problems are considered mathematical tasks in
which relevant information is presented as text rather than in mathematical notation (Boonen
et al., 2016; Daroczy et al., 2015; Verschaffel et al., 2020). They exist in various forms, ranging
from a simple verbal description of a basicmathematical operation (e.g., de Koning et al., 2017) to
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advanced modeling problems (e.g., Leiss et al., 2019; Vorhölter et al., 2019). We consider
complex word problems to be mathematical word problems that typically (1) present information
in a syntax that does not merely mirror the mathematical task, (2) contain information that might
be redundant or superficial, (3) contain multiple representations, and (4) revolve around a context
that is functional for the problem solution (Strohmaier, 2020). Examples for complex word
problems can be found in the appendix. In contrast, we refer to prototype word problems as
mathematical word problems that follow a simple, linear syntax and are relatively short, typically
consisting of about three main clauses (Tom has two apples. Lilly gives Tom one apple. How
many apples does Tom have?). They often refer to one of the four basic arithmetic operations.
They may be contextualized, but unlike complex word problems, the context is not of functional
importance for solving the problem (Strohmaier, 2020).

The relevance of complex word problems for mathematics education has arguably in-
creased over the past decade as the goals of mathematics as a school subject have shifted
toward more functional and real-world applications, reasoning, mathematical modeling, and
non-routine thinking (e.g., CCSSI, 2017; National Council of Teachers of Mathematics
[NCTM], 2000; OECD, 2013a; Sekretatiat der Ständigen Konferenz der Kultusminister der
Länder in der Bundesrepublik Deutschland [KMK], 2004; Stacey, 2015). Complex word
problems offer a way to address these goals by embedding the mathematical problem into a
realistic context and by enriching it with additional text and visual representations. Accord-
ingly, complex word problems are considered a comprehensive indicator of mathematical
skills and are used, for example, to assess mathematical literacy in the Programme for
International Student Assessment (PISA; OECD, 2013a). However, only a minor part of
research on word problem solving has focused on these more demanding and complex-
structured word problems (Pongsakdi et al., 2020).

By introducing a context and by framing mathematics as realistic or authentic problems,
complex word problems require a variety of skills beyond calculation (Daroczy et al., 2015;
Reinhold et al., 2020; Verschaffel et al., 2020). At the same time, they can take various forms,
for example with regard to the amount of text, the type of visual representations used, or the
underlying mathematical concepts, ideas, and operations. Because of this variety in task
characteristics and required skills, successful complex word problem solving reflects a mul-
tifaceted interaction between the student and the task (Pongsakdi et al., 2020). However,
previous research has often focused on one of the two perspectives, either addressing student
characteristics without also systematically investigating task characteristics, or vice versa
(Boonen et al., 2014; Daroczy et al., 2015).

Considering the student perspective, several individual factors influencing the solution of
word problems have been investigated apart from arithmetic skills (Daroczy et al., 2020;
Verschaffel et al., 2020), including linguistic skills (Boonen et al., 2013; Boonen et al., 2016;
Daroczy et al., 2015; Fuchs et al., 2006, 2018; Pongsakdi et al., 2020; Swanson et al., 1993;
Vilenius-Tuohimaa et al., 2008), spatial skills (Casey et al., 1997; Geary et al., 2000;
Hegarty & Kozhevnikov, 1999; Resnick et al., 2020) and reasoning skills (Fuchs et al.,
2015, 2020; Spencer et al., 2020; Vilenius-Tuohimaa et al., 2008). At the same time,
Daroczy et al. (2015) point out that few studies compared these factors in a comprehensive
design that could reveal unique effects and interactions, and that these studies rarely
considered task characteristics at the same time. Pongsakdi et al. (2020) further reported that
existing studies typically investigated the role of word problem-solving performance on
prototype word problems and did not address the differences in the difficulty levels of more
complex word problems.
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In a previous study, we investigated the role of predictors of word problem solving by
comparing the effects of arithmetic skills, verbal skills, spatial skills, and general reasoning
skills on word problem solving performance (Reinhold et al., 2020). In a comprehensive
analysis, we found that all four skills independently and positively influenced performance,
with verbal skills showing the strongest positive effect. In that study, we found a notable
amount of variance in the effect sizes of these predictors, which we assumed might indicate
substantial differences in effects between the tasks used. However, we did not address task
differences in that study because it focused on the interaction between the four cognitive skills
and gender differences. In the following, we first review how cognitive skills influence
complex word problem solving. Thereafter, we expand upon these findings by reviewing
why and how this influence may vary across different complex word problems, justifying a
secondary data analysis that accounts for task characteristics.

2 Cognitive Skills in word problem solving

2.1 Verbal skills

A large body of research has shown that verbal skills are of great importance for mathematical
thinking and learning (Aiken, 1972; Fuchs et al., 2006; Jordan et al., 2013; Leung, 2017;
Morgan et al., 2014; Peng et al., 2020; Prediger et al., 2018; Seethaler et al., 2011; but see also
Deary et al., 2007 for conflicting results), and for word problem solving in particular (Daroczy
et al., 2015). In these studies, the term verbal skills is used to describe various different student
characteristics. In their review, Peng et al. (2020) analyzed how different types of verbal skills
(ranging from phonological processing to oral comprehension) influence different types of
mathematical skills. Regarding word problem solving, they found that reading comprehension
had a stronger effect than phonological processing skills. Accordingly, verbal skills in studies
on word problem solving are primarily assessed as text or reading comprehension (e.g., Leiss
et al., 2019; Pongsakdi et al., 2020), or oral comprehension (Fuchs et al., 2020). However,
Vilenius-Tuohimaa et al. (2008) analyzed the effect of technical reading skills and reading
comprehension on prototype word problem solving and found that both aspects of language
skills uniquely and positively contributed to successful word problem solving. Therefore, it
seems appropriate to assess verbal skills with a broader measure that accounts for technical
reading skills, text comprehension, and verbal reasoning skills. For example, Hegarty and
Kozhevnikov (1999) used verbal analogy problems (Liepmann et al., 2007).

Verbal analogical reasoning combines aspects of word production, text comprehension, and
reasoning with verbal information (Gick & Holyoak, 1980). Although it does not specifically
address decoding and technical reading, it is substantially correlated with both students’ overall
achievement in language (Alexander et al., 1987) as well as with more specific measures of
technical reading skills and text comprehension (Liepmann et al., 2007). Verbal analogies can
be expressed in a variety of forms (Ichien et al., 2020). Typically, two given words A and B are
related in a particular way, and this relationship needs to be transferred to a second pair of
words C and D (e.g., winter : cold = summer : ?).

Therefore, in the present study, verbal skills were considered a set of skills to successfully
decode and comprehend text, including both technical reading skills and text comprehension.
Verbal skills are assumed to fundamentally interact with mathematical processes during word
problem solving (Cummins et al., 1988; Fuchs et al., 2015; Kintsch & Greeno, 1985; Nathan
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et al., 1992; Reusser, 1990; Strohmaier, 2020; Strohmaier et al., 2019). For complex word
problem solving in particular, verbal skills contribute to task performance in at least two ways
(Abedi, 2006; Leiss et al., 2019): First, basic decoding skills are required to translate the word
problem into the text base, which is a coherent conceptual cognitive representation of the word
problem. Second, text comprehension skills are required to derive the mathematical problem
model by inferring missing information, excluding irrelevant information, and structuring the
text base to fit the solution process (Kintsch & Greeno, 1985; Strohmaier et al., 2019).

2.2 Arithmetic skills

Arithmetic skills are a fundamental prerequisite for mathematical word problem solving (e.g.,
Fuchs et al., 2006; Pongsakdi et al., 2020). Similar to verbal skills, previous research has
operationalized arithmetic skills in different ways, ranging from the concept of arithmetic fact
fluency, which is substantially built on automated retrieval (e.g., Fuchs et al., 2006), to tests
that focus on operational fluency (Pongsakdi et al., 2020, see Peng et al., 2020 for an
overview). In complex word problem solving, the underlying mathematical task often cannot
be solved by fact retrieval but requires calculations. Therefore, we refer to arithmetic skills as
the ability to correctly solve arithmetic tasks through fact retrieval or calculation.

Often, the core of a mathematical word problem reflects an arithmetic task, usually one
that requires calculation. However, a number of studies suggest that arithmetic skills,
although a necessary foundation, are not sufficient to fully explain word problem solving
performance (e.g., Daroczy et al., 2015; Fuchs et al., 2006, 2018, 2020; Geary et al., 2000;
Pongsakdi et al., 2020). For complex word problems, we found that arithmetic skills
positively affect the solution probability of PISA items in adults, although this effect was
smallest than the influence found for verbal, spatial, and general reasoning skills (Reinhold
et al., 2020).

2.3 Spatial skills

Previous studies have used different definitions of spatial skills; however, they generally agree
that spatial skills involve the retrieval and handling of visual information in a spatial context
(Boonen et al., 2013; Uttal et al., 2013). The construct of spatial visualization (Hawes & Ansari,
2020) is an important aspect of these skills (see Xie et al., 2020, for an overview) and is sometimes
used interchangeably with the term spatial skills (Boonen et al., 2013, 2014). Spatial visualization
is often assessed through tasks requiring a mental manipulation of objects in space, for example
mental rotation or mental folding (for an overview, see Hawes & Ansari, 2020).

Importantly, spatial skills are not only required to solve geometric tasks but are also known
to interact with mathematical thinking with regard to reasoning and arithmetic (e.g., Hawes &
Ansari, 2020; Mix & Cheng, 2012). In a meta-analysis, Xie et al. (2020) reviewed the
relationship between spatial skills and different domains of mathematical ability in a total of
73 studies. They reported the strongest relations between spatial skills and logical reasoning
ability (r = .32) and geometric ability (r = .30) but also highly significant relations with
arithmetic ability (r = .25) and numerical ability (r = .22). The authors argue that solving
problems in domains other than geometry often requires spatial skills for creating visual
representations, mental transformations and visualizations, and for processing spatial repre-
sentations, for example formulae and equations.
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The link between spatial skills and mathematical word problem solving has been addressed by
a number of studies (e.g., Casey et al., 1997; Geary et al., 2000; Hegarty & Kozhevnikov, 1999;
Resnick et al., 2020). Previous studies show that visual representations can contribute to the
construction of a mental model and the interpretation of the situation in word problem solving
(Boonen et al., 2014; Múñez et al., 2013; Schnotz & Bannert, 2003), however, there are also
conflicting findings (Dewolf et al., 2014; Dewolf et al., 2015; Elia et al., 2007). Spatial skills are
thought to support an effective use of such visual representations and the construction of a suitable
mental model. For example, when integrating different modes of representation (e.g., text and
pictures), it is important to combine these sources of information into a coherent mental model,
which poses additional cognitive challenges (Elia, 2020; Schnotz & Bannert, 2003).

2.4 General reasoning skills

General reasoning (or fluid reasoning) refers to abstract, logical thought processes of inference
and deduction that are loosely tied to the type of perceptual inputs (Carpenter et al., 1990;
Lohman & Lakin, 2011; Thurstone, 1938). General reasoning skills are closely associated to
intelligence (e.g., Peng et al., 2020), problem solving (e.g., Spencer et al., 2020), and heuristics
and metacognition (Mevarech et al., 2018; Mevarech & Kramarski, 2014). They are typically
assessed with matrix reasoning tests (e.g., Arthur & Day, 1994), which require identifying and
continuing patterns. Although these tasks bear some resemblance to instruments assessing
spatial skills, Schweizer et al. (2007) showed that the scales are only moderately correlated (r =
.27) and that general reasoning can be adequately assessed with a matrix reasoning test. The
essential difference between matrix reasoning tasks and spatial ability tests is that the former
focus on logical rule inferences, whereas the latter focus on the visuospatial mental manipu-
lation itself.

Strategic thinking and reasoning are important for word problem solving (Pongsakdi et al.,
2020). Fuchs et al. (2020) showed that differences in reasoning skills explained variance in the
development of word problem-solving skills (Fuchs et al., 2015; Spencer et al., 2020). Similarly,
Vilenius-Tuohimaa et al. (2008) argue that the process of word problem solving involves general
reasoning. Moreover, research has highlighted the important role of heuristic and metacognitive
processes in successful word problem solving (Mevarech et al., 2018; Mevarech & Kramarski,
2014).

2.5 Task characteristics of complex word problems

Word problems cover a wide range of mathematical tasks that can differ with respect to
numerous characteristics. Although no overview has focused on complex word problems,
many task characteristics from prototype word problems can be generalized to this particular
task type.

Daroczy et al. (2015) distinguish mathematical, linguistic, and general task characteristics
that have been shown to influence word problem solving. Mathematical characteristics
included, among others, the properties of numbers (single-digit or multi-digit, fractions or
decimal numbers, number magnitude, etc.), the required operation and its complexity, the
number of solution steps, the required mathematical processes (fact retrieval, problem solving,
calculation, etc.), and the mathematical content area. Linguistic factors include syntactic and
semantic complexity, text length, the presence of distractors or redundancies, and the relation-
ship between language and mathematical terms. General factors include the answer format,
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aspects of the contextualization (stereotypes, real-world knowledge, cultural aspects), and the
presence of visual representations as well as their relevance.

Relating the previously reported findings to the aforementioned cognitive skills, it is
plausible that a number of task characteristics of complex word problems could influence
the role that students’ cognitive skills play in solving them.

2.6 Task characteristics and verbal skills

Previous research on the role of verbal skills has shown that linguistic features of word
problems such as text length, word difficulty, or the role of pronouns can influence prototype
word problem difficulty (Daroczy et al., 2015; Walkington et al., 2017). Mullis et al. (2013)
showed that this linguistic complexity primarily affected performance of students with lower
reading abilities. A simple explanation for this is that verbal skills increase in importance as
linguistic complexity increases (Mullis et al., 2013; Walkington et al., 2017). Because complex
word problems typically differ substantially in terms of the amount of text, the linguistic
complexity, and the situational context of a task, there could be considerable differences in the
influence of verbal skills between different complex word problems (Pongsakdi et al., 2020).
Possibly, the influence of verbal skills diminishes when no particular linguistic difficulties are
present.

2.7 Task characteristics and arithmetic skills

Task characteristics could affect students with varying arithmetic skills differently. In complex
word problems, the mathematical content usually covers a wide range of mathematical domains
and underlying mathematical operations and principles. Tasks that involve larger numbers, more
complex number representations (e.g., fractions), or more complex mathematical operations
might build more strongly on arithmetic skills (Daroczy et al., 2015). On the other hand, if the
core of the complex word problem is focusing on other topics like reasoning and argumentation,
arithmetical skills might be less important for a successful solution.

2.8 Task characteristics and spatial skills

The role of spatial skills may differ greatly between various forms of complex word problems.
Although spatial skills are assumed to be important for mathematical problems across all
domains, their influence might differ between geometry problems, where they are explicitly
required, and other problems, where they are helpful but not necessary. Furthermore, spatial
skills might be particularly beneficial in solving word problems that involve visual represen-
tations. To detect, decode, and process information embedded in visual representations is a key
aspect of spatial skills (Xie et al., 2020). Even if visual representations are merely decorative,
the ability to correctly distinguish important from irrelevant information will potentially
influence the process of word problem solving.

2.9 Task characteristics and general reasoning skills

Reasoning is assumed to increase in importance with more complex word problems
(Verschaffel et al., 2000; Wyndhamn & Säljö, 1997), suggesting that it should have a stronger
effect with increasing task difficulty. At the same time, implicit or incomplete information and
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more complex mathematical solutions might require flexible and non-routine thinking, but are
not necessarily tied to task difficulty. This could mean that the influence of general reasoning
abilities differs from task to task, depending on the combination of these specific
characteristics.

3 The present study

It is well established that word problem solving requires a multifaceted set of individual skills.
However, there are still critical questions that need to be answered. Daroczy et al. (2015)
pointed out that previous studies on word problem solving used different word problems and
compared groups of students without capturing the interaction between task characteristics and
individual student characteristics. They emphasize that due to the various factors influencing
word problem solving, different students may have difficulties with different word problems.
Accordingly, Daroczy et al. (2015) call for studies that differentiate at both the task level and
the individual level to understand why particular students have difficulties with particular word
problems. To our knowledge, the few studies that considered both the individual level and the
task level usually focused on one or two specific aspects like verbal skills (Mullis et al., 2013;
Pongsakdi et al., 2020; Vilenius-Tuohimaa et al., 2008), student background (Walkington
et al., 2017), or environmental factors (Daroczy et al., 2020).

In the present study, we sought to address this research gap by exploratively comparing the
task characteristics of six complex word problems in terms of the influence of verbal,
arithmetic, spatial, and general reasoning skills. By investigating if and how the influence of
these facets differs across tasks, we aim to gain insights into which task characteristics might
be responsible for such variability.

The present study reflects a secondary data analysis of data previously reported in Reinhold
et al. (2020), where all six tasks were combined into one instrument for complex word
problem-solving performance. In the current study, we expanded upon these results by
qualitatively taking into account differences between the tasks. This approach combined the
advantages of a substantial sample size and strong statistical evidence with open-ended,
explorative analyses. We formulated the following research questions:

RQ1: Does the influence of verbal, arithmetic, spatial, and general reasoning skills on the
probability of a correct solution differ between complex word problems?
RQ2: If so, can we identify task characteristics that affect this influence?

With regard to RQ1, we expected that certain differences should be observable in the role that the
four facets of skills play in the correct solution of the different complex word problems, as it has
been shown by previous research that various task characteristics can affect the requirements for
successful word problem solving. To our knowledge, however, this has not yet been investigated
by addressing this wide spectrum of skills in complex word problem solving simultaneously.

RQ2 was necessarily explorative and aimed to provide a starting point for more systematic
research. Nevertheless, this secondary data analysis was guided by several assumptions
derived from previous research. We expected that linguistic features such as text length or
semantic and syntactical complexity could increase the role of verbal skills. Further, we
expected that arithmetic skills would be more important for successfully solving complex
word problems constructed around an arithmetic problem and increase with numerical and
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operational complexity, whereas the influence might be smaller for the geometry or statistics
problems. Spatial skills should be relevant for complex word problems containing visual
representations and geometric problems. Finally, we expected that general reasoning skills
would be more important for more difficult complex word problems and for tasks that
contained redundant or irrelevant information.

4 Method

4.1 Sample

The study was conducted during a regular first-year university lecture for engineering students
at the Technical University of Munich. All students attending the course participated, but data
were only used if the students gave written informed consent on a voluntary basis on a separate
sheet handed out with the questionnaires. A total of 15.4% of students was excluded from the
analyses due to not giving consent. The remaining participants were N = 1282 students (25.6%
female) with a mean age of 19.98 years (SD = 2.73). The study was conducted according to the
2017 Ethical Principles of Psychologists and Code of Conduct of the American Psychological
Association. Ethics approval was not required by institutional guidelines or national regula-
tions. Students participated without reimbursement on a voluntary basis. Their informed
consent could be withdrawn within 2 months without giving reasons.

4.2 Material

Complex word problems Six complex word problems were taken from the pool of published
PISA mathematics items (see Figs. 2, 3,4, 5, 6, and 7 in the appendix; OECD, 2006, 2013b; the
order of the tasks in the study corresponded to the order in which the tasks are presented in the
appendix). Answers were coded in line with the PISA coding manual, which is unequivocal
and therefore was not further tested for inter-rater reliability. In accordance with this manual,
tasks that were left blank were coded as incorrect. The tasks are intended to assess different
aspects of mathematical literacy and covered different PISA content areas (change and
relationships, space and shape, and uncertainty and data; OECD, 2013a). Although PISA
items are designed for 15-year-olds, empirical research indicates that those items are suitable to
assess complex word problem-solving performance in undergraduate students (Ehmke et al.,
2005; Strohmaier et al., 2019).

Cognitive skills All cognitive skills were assessed with items in single-choice format and
coded according to the respective manuals. In accordance with the design of these scales,
missing values were coded as incorrect.

Verbal skills were measured with a verbal analogies scale that required participants to
reproduce a relationship given by a pair of words by completing another pair of words with the
second word missing, choosing from five given options (e.g., meter : length = second : ?; a)
time, b) minute, c) kilometer, d) clock, e) width; Liepmann et al., 2007). Arithmetic skills were
measured with non-verbal tasks that had to be solved without a calculator and ranged from
basic arithmetic (e.g., 144 : 4 = A) to equations (e.g., 4(B-3) = 64), with natural numbers as
solutions (Liepmann et al., 2007). Spatial skills were measured with theMental Rotations Test
(MRT; Peters et al., 1995, 2006; see also Vandenberg & Kuse, 1978), which required
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participants to identify two correctly rotated structures from four possibilities corresponding to
an initial three-dimensional geometrical structure of cubes. General reasoning skills were
measured with a reduced item set of Raven’s advanced progressive matrices (Arthur & Day,
1994), using non-verbal, visual geometric stimuli with a missing piece that must be chosen
from eight possibilities to complete a pattern. Possible and observed ranges as well as
Cronbach’s alpha values, mean scores, and standard deviations for each scale are given in
Table 1. Reliability for the verbal skills scale was relatively low but consistent with observa-
tions reported by Liepmann et al. (2007). The relatively low reliability of the general reasoning
skills scale appears to be atypical, but could result from the limited number of items, with a
similar observation reported by Arthur and Day (1994). Since the general reasoning skills scale
was already the most time-consuming scale (see Section 4.3), this issue seems difficult to
avoid under the given circumstances.

4.3 Procedure

The test was administered by some of the authors in paper-based format under controlled and
standardized conditions within the main lectures during the first weeks of the first semester of
the students’ university studies. The students received a 40-page booklet (DIN A4) containing
all the questionnaires, scales, and tasks, which were worked on part-by-part. Before working
on each part, students were asked to read the specific part’s introduction, which contained
information about the nature of the tasks within that part and a solved example task (however,
no example word problem was given). If no questions arose after reading the introduction to
each scale or the complex word problem tasks, the test administrator instructed students to turn
the page and start solving this part of the booklet. We followed the test time recommended for
each scale: 8 min for complex word problems, 10 min for the arithmetic skills scale, 12 min for
the general reasoning skills scale, 3 + 3 min for the spatial skills scale (with 12 items in each
cluster), and 7 min for the verbal skills scale. No calculators were allowed.

4.4 Analyses

To estimate the effects of general cognitive skills on complex word problem solving in each of the
six tasks, we ran separate logistic regressions for each complex word problem. The models
included z-standardized sum scores of arithmetic skills, verbal skills, spatial skills, and general
reasoning skills as independent variables and the solution probability (the likelihood of correctly
solving the item) as dependent variable. Gender was included as a control variable, because
gender differences have been previously reported on several of our outcome measures (Reinhold
et al., 2020). Coefficients are given as odds ratios (OR), which are an indicator of the

Table 1 Statistical characteristics of the cognitive skills scales

Cognitive skills α Range Min. Max. Mean SD

Verbal .65 0–20 0 19 12.16 3.11
Arithmetic .82 0–20 0 20 15.39 3.65
Spatial .91 0–24 0 24 11.92 6.07
General reasoning .67 0–12 0 12 8.35 2.42

N = 1282
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multiplicative change in the solution probability per standard deviation change of the predictor
variable (see also Field, 2009). For example, an odds ratio of 1.40 for arithmetic skills for one task
means that participants who scored one standard deviation above average in the arithmetic skills
test had a 40% higher chance of solving this task than an average participant. Odds ratios are
similar to the coefficient b in logistic regressions but represent the proportional changes of the
solution probabilities, which are easier to interpret than absolute values (as in linear regressions),
as they do not require a logistic transformation and are comparable across items of varying
difficulty (Field, 2009). Because all four cognitive skills were included in the models, each
coefficient represents a unique effect, which is controlled for the remaining three cognitive skills.
This was important because it was expected that the cognitive skills would be interrelated to some
degree. All analyses were conducted in R (R Core Team, 2008).

To test whether the effects differed meaningfully between tasks, we conducted a model-fit
comparison using chi-squared and AIC model comparisons. We compared generalized linear
mixed models with task as an additional independent variable and a student random intercept
that (a) included only the main effects of cognitive skills and task to predict the solution
probability or (b) also included the cognitive skills × task interaction.

To answer research question 2, we conducted an exploratory data analysis. To this end, we
(a) restructured and visualized the data, (b) interpreted the data with two independent coders,
and (c) iterated the process based on this evaluation. First, we collected a list of task
characteristics that we assumed might account for differences in the influence of the four
cognitive skills. These were the following characteristics: answer format, authenticity, required
calculation, content area, difficulty (in PISA), gender-specific context, linguistic complexity
(semantics), linguistic complexity (syntax), redundancies, number of solution steps, text length
(number of characters), numerical difficulty, operational difficulty, relevance of representa-
tions, solution rate, and use of representations. For each cognitive skill, we then ranked the
tasks in order of their odds ratios for the respective cognitive skill. The resulting table was
inspected independently by the first two authors, who flagged possible patterns or systematic
effects. The two raters then compared and discussed their results. This process was repeated
after the first round to refine and add task characteristics. We only report those cases in which
both authors agreed on possibly meaningful patterns and relationships.

5 Results

5.1 Descriptive results

The correlations between the four different general cognitive skills are given in Table 2. Corre-
lations were all statistically significant (p < 0.001) and varied between r = .22 and r = .30.

Table 2 Correlations between cognitive skills

Cognitive skills (1) (2) (3)

(1) Verbal –
(2) Arithmetic .22 –
(3) Spatial .29 .22 –
(4) General reasoning .28 .30 .30

N = 1282, all correlations are significant with p < .001
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Table 3 illustrates the correlations between the solution rates (the percentage of correct answers
given by all participants) of the six complex word problems. The ICC of the overall scale was .15.
Solution rates of the tasks varied between 23 and 78%. The tasks are reported in decreasing order
of difficulty in the following tables and figures.

5.2 Differences in the influence of cognitive skills

The odds ratios for each task and all cognitive skills are given in Table 4 and illustrated in
Fig. 1. Verbal skills were the only predictor that influenced the solution probability of all tasks
significantly, with odds ratios ranging from 1.24 to 1.44. The odds ratios of arithmetic skills
varied between 0.95 and 1.40, with half of the tasks showing odds ratios that were not
significantly different from 1.00 (p > 0.05). For spatial skills, odds ratios varied between
1.12 and 1.39, with only one task showing no significant effect (Mount Fuji, OR = 1.12, p =
.110). For general reasoning skills, all tasks except Spring Fair (OR = 1.13, p = .065) showed
odds ratios that were statistically significant. Odds ratios of this skill varied between 1.13 and
1.47. Overall, the odds ratios of all cognitive skills on all tasks varied between 0.95 and 1.47.

Table 3 Solution rates of and correlations between complex word problems

Task Solution rate (%) Correlations

(1) (2) (3) (4) (5)

(1) Revolving Door 23.31
(2) Selling Newspapers 49.18 .16
(3) Spring Fair 49.73 .16 .32
(4) Racing Car 69.15 .11 .11 .06
(5) Mount Fuji 69.93 .12 .13 .15 .11
(6) Water Tank 78.01 .15 .14 .13 .18 .15

N = 1282, all correlations are significant with p < .001

Fig. 1 Odds ratios and their 95% confidence intervals of cognitive skills on the solution probability of six
different complex word problems, in descending order of task difficulty
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The model-fit comparison showed that the model including the cognitive skills × task
interaction fitted the data significantly better than the model including only main effects
(X2(20) = 48.54, p < .001), with a lower AIC (ΔAIC = 8.54).

These results are in line with our hypotheses of RQ1, showing that the influence of the
cognitive skills differed both descriptively and statistically between the six complex word
problems.

5.3 Task differences

Verbal skills significantly and positively influenced the solution probability of all six tasks. No
substantial differences between the tasks or systematic associations with linguistic task features
were observed in our data. The only task for which the influence of verbal skills was notably
smaller wasMount Fuji (OR = 1.24). It had an average text length compared to the other tasks
and was arguably not more difficult with respect to other linguistic features.

The three tasks with a significantly higher solution probability for students with higher
arithmetic skills were Revolving Door, Mount Fuji, and Spring Fair. In the first two tasks,
students that showed arithmetic skills of 1 SD above average had about a 1.4-times higher
probability to solve the task correctly. These tasks required an open numerical answer, derived
from appropriate calculations. In contrast to the others, these two tasks were the only ones that
were not in single-choice format. Revolving Door was the most difficult task, Mount Fuji was

Table 4 Odds ratios for all tasks and cognitive skills

Task Cognitive skills

Verbal Arithmetic Spatial General reasoning

Revolving Door
Odds ratio 1.43 1.40 1.39 1.20
CI 1.22–1.69 1.18–1.65 1.19–1.63 1.02–1.41
p < 0.001 < 0.001 < 0.001 0.029
Selling Newspapers
Odds ratio 1.44 1.08 1.33 1.23
CI 1.27–1.64 0.95–1.22 1.17–1.51 1.08–1.41
p < 0.001 0.239 < 0.001 0.002
Spring Fair
Odds ratio 1.42 1.24 1.31 1.13
CI 1.25–1.62 1.09–1.40 1.15–1.48 0.99–1.28
p < 0.001 0.001 < 0.001 0.065
Racing Car
Odds ratio 1.33 0.95 1.29 1.20
CI 1.17–1.52 0.84–1.08 1.13–1.47 1.05–1.36
p < 0.001 0.454 < 0.001 0.008
Mount Fuji
Odds ratio 1.24 1.40 1.12 1.47
CI 1.08–1.41 1.23–1.60 0.97–1.28 1.29–1.69
p 0.002 < 0.001 0.110 < 0.001
Water Tank
Odds ratio 1.37 1.06 1.27 1.41
CI 1.18–1.58 0.92–1.21 1.09–1.48 1.22–1.63
p < 0.001 0.440 0.002 < 0.001

N = 1282
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the second easiest. For the task Spring Fair, the influence was still significant, but substantially
smaller (OR = 1.24). For Spring Fair, calculations were not necessary, but could provide a
result. The solution probability of the three tasks that did not require calculations for their
solution (Selling Newspaper, Racing Car, andWater Tank) was not significantly influenced by
arithmetic skills when controlling for the other three cognitive skills.

Spatial skills were related to solution probabilities of all tasks except Mount Fuji (OR =
1.12), which was the only task that did not contain any form of visual representation. There
was no clear difference between tasks that addressed the content area of space and shape
(Water Tank, OR = 1.27; Revolving Door, OR = 1.39) and the tasks that used pictures to
illustrate mathematical problems from other content areas (OR = 1.29–1.33).

General reasoning skills significantly predicted the solution probability of all tasks but
Spring Fair (OR = 1.13). The two tasks with by far the strongest effect were Mount Fuji and
Water Tank (OR = 1.47; OR = 1.41). These two tasks were the easiest to solve and were also
the two tasks that contained clearly irrelevant or redundant information. Together with Selling
Newspapers, which had the third largest odds ratio for general reasoning skills (OR = 1.23),
these tasks were the only ones from the content area change and relationships.

These results concur with the assumption of RQ2 that task characteristics can be identified,
which may be responsible for the differences in the influence of the six cognitive skills. These
characteristics are discussed in the following section.

6 Discussion

6.1 Different predictors of complex word problems solving

Our findings illustrate a number of aspects that were anticipated based on previous research
regarding predictors of successful word problem solving, and others that were less expected.
We add to existing studies by taking into account several cognitive skills and task character-
istics simultaneously and by investigating complex word problems rather than simple-
structured prototype word problems.

Complex word problems vary in terms of their mathematical content and also address a
wide range of other cognitive skills (Reinhold et al., 2020). Our results show that the role of
these skills differs even within this specific type of word problems (i.e., PISA mathematics
items). This underscores the approach to consider task characteristics in research on word
problem solving, and to account for their interaction with cognitive skills—for instance, by
using statistical models that allow for variance between both students and tasks. At the same
time, existing findings should be interpreted carefully when generalized or transferred to
different kinds of mathematical word problems. In particular, findings from the large number
of studies that used prototype word problems need to be interpreted very cautiously when
transferred to complex word problem solving.

6.2 Task differences

A number of task characteristics may have affected the unique influences of one or another
cognitive skill on complex word problem solving, whereas other task characteristics did not
show a conclusive relation in the present study.
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Verbal skills were a consistent predictor of the solution probability of all tasks. This
emphasizes the close association between language and mathematics that emerges in complex
word problem solving in general (Daroczy et al., 2015; Reinhold et al., 2020; Strohmaier,
2020). The results seemingly conflict with findings by Mullis et al. (2013) who found that the
solution of word problems with lower reading demands was less affected by reading abilities.
However, Mullis et al. (2013) used reading literacy as a predictor, whereas verbal analogies (as
used in the present study) reflect both elements of verbal comprehension and reasoning with
verbal information. The general assumption in research on word problem solving is that
language serves as a tool to not only decode written information, but also to support the
process of successfully building a problem model (Kintsch & Greeno, 1985; Leiss et al., 2019;
Reusser, 1990). If word problems differ in terms of linguistic features like text length or the use
of pronouns, like analyzed by Mullis et al. (2013), this might be more strongly related to
difficulties in reading and decoding of text. On the other hand, more fundamental verbal
skills— as also addressed by verbal analogies—might be more strongly related to the process
of building a problem model, which in turn might depend less on superficial linguistic features
of the complex word problem. This would further support the idea that comprehensive verbal
skills reflect one of the core skills that are utilized during complex word problem solving.

The effect of arithmetic skills was strongest in tasks that required calculations in open-
ended questions. When no calculation was necessary, arithmetic skills had no influence on the
solution probability when controlled for the other cognitive skills. Task difficulty did not seem
to systematically influence the effect of arithmetic skills, which is in line with findings by
Pongsakdi et al. (2020) who found an association between arithmetic skills and complex word
problem solving irrespective of task difficulty. The mere possibility to use a calculation to
solve the task does not seem to be a decisive factor, as both Selling Newspapers and Spring
Fair could benefit from (but did not require) calculations, but only the latter’s solution
probability was influenced significantly by arithmetic skills. Possibly, all solution strategies
(including heuristics) need to be taken into account to distinguish which tasks actually offer a
way to benefit from arithmetic skills.

This finding seems somewhat obvious, but nevertheless noteworthy, as all six tasks are
considered to address aspects of mathematical literacy. This illustrates that mathematical
literacy covers areas of mathematics where arithmetic skills are not required and not even
particularly helpful. However, it seems that this fact is not reflected in the common perception
of mathematics education, educational practice, and research on word problem solving. In
schools, arithmetic skills are often considered a necessary foundation for all further mathe-
matical skills. Although this may be true for certain areas of mathematics, this notion seems
too narrow for our recent understanding of mathematical literacy. Similarly, research on word
problems focuses mostly on contextualized arithmetic problems. However, to fully understand
processes of word problem solving in educational practice, non-arithmetic problems should be
considered in more detail.

Spatial skills predicted the solution probability of all tasks but one, which was the only one
that did not include a visual representation. This indicates that spatial skills are a unique
requirement for processing visual representations in complex word problems. However, all of
the visual representations in these tasks were necessary or helpful for their solution. Previous
research indicates that, in contrast, merely decorative illustrations do not affect performance in
complex word problems (Lindner, 2020). Similarly, van Lieshout and Xenidou-Dervou (2018)
showed that more demanding visual representations in prototype word problems affect
solution rates than less demanding illustrations. Dewolf et al. (2014, 2015) found that
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representational visual representations in word problems that were not essential for their
solution were often not leading to higher solution rates or were not even considered. Because
none of the tasks in the present study included decorative illustrations, we cannot say if spatial
skills are required in all complex word problems with visual representations, or only when the
visual representation explicitly supports the solution process. Our results do however indicate
that spatial skills are not limited to the content area of space and shape, which is consistent
with findings from Sorby and Panther (2020). It seems plausible that processing visual
representations requires additional skills and working memory resources (van Lieshout &
Xenidou-Dervou, 2018, 2020) independent of the mathematical requirements of the complex
word problem.

Contrary to our expectations, general reasoning skills were more strongly related to easier
than to more difficult word problems. Moreover, problems containing irrelevant and redun-
dant information were influenced more strongly. Although the relation to task difficulty is not
necessarily causal in our data, it seems plausible that these complex word problems were
easier to solve because domain-general reasoning could be used to compensate for missing
task-specific knowledge, possibly by exploiting heuristic solution strategies. For example,
Water Tank can be effectively solved by eliminating answers in the single-choice answer, but
this also applies to tasks like Racing Car. Mount Fuji can be adequately solved by working
backwards step-by-step. These two described strategies represent examples of generic
problem-solving heuristics—not necessarily related to mathematics—that may build upon
general reasoning skills. Such heuristic and metacognitive strategies are an important factor
in word problem solving (Verschaffel et al., 2020; Vilenius-Tuohimaa et al., 2008), but to our
knowledge, it has not yet been investigated how this effect differs between word problems of
varying difficulty. Based on our findings, it would be interesting to address the hypothesis
that domain-general heuristic and metacognitive strategies are particularly helpful in easier
word problems (where strategies like elimination can replace a mathematical approach) or in
word problems where domain-specific requirements are less demanding (and therefore,
nonspecific problem-solving strategies can be applied). Moreover, the use of process data
such as think-aloud protocols, logfile data, or eye-tracking data could be used to distinguish
heuristic solution strategies from the intended mathematical solution strategies during word
problem solving.

7 Limitations and implications

The results presented here provide a very focused, but powerful view on determinants of
complex word problem solving. Initially, the study was not designed to systematically
manipulate specific task features but derived from the observation in Reinhold et al. (2020)
that complex word problems varied considerably with regard to their relation to basic cognitive
skills. In the analyses presented here, we investigated this variability in more detail, following
an explorative approach and applying secondary data analyses to search for possible
explanations. However, this can only be a starting point for further research. Our results
provide support for the assumption that task characteristics of complex word problems can
fundamentally change the skills required for their solution, but our suggestions as to what these
characteristics are remain discussable, and their generalizability needs to be addressed with
more tasks and a priori hypotheses. This lack of systematic variation has been reported
similarly by Pongsakdi et al. (2020) and we agree with their call for a more systematic
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approach to validate some of the explorative findings from existing research by explicitly
comparing larger sets of word problems that differ only in a limited number of task
characteristics.

A strength of this study is the large number of participants, which provides strong
statistical evidence for the reported findings. On the other hand, the necessity to code all
answers solely by their correctness limits the possibilities for qualitative analyses of written
answers. Starting with the findings presented here, a next step should identify the specific
reasons why students with a particular set of individual skills solve particular complex word
problems correctly more often or, in contrast, what particular deficit leads to an incorrect
answer. This would help to better understand the processes behind the reported results and the
mechanisms behind the influence of basic cognitive skills and complex word problem
solving.

Our study reiterates that mathematical word problems have the potential to address
cognitive skills beyond mere calculation, but that this potential is very distinct in each word
problem. Gaining more knowledge and a stronger awareness of these differences can ensure
that the potential of mathematical word problems is utilized optimally in education and in
research.

Although our study was conducted with undergraduate students, previous research indi-
cates that the influence of basic cognitive skills on mathematical thinking does not change
substantially with age, for example regarding spatial skills (Xie et al., 2020), verbal skills
(Peng et al., 2020), and arithmetic skills (Geary et al., 2017). Thus, our findings may also
provide practical implications for K-12 education in light of the shift in mathematics education
toward more functional, real-world applications, reasoning, mathematical modeling, and non-
routine thinking (e.g., CCSSI, 2017; KMK, 2004; NCTM, 2000; OECD, 2013a; Stacey,
2015). Given that complex word problems are considered a suitable tool to assess mathemat-
ical literacy and that the present study shows that their solution requires a broad set of
cognitive skills, this implies that the focus of educational practice should similarly shift further
toward cognitive abilities beyond arithmetic skills in mathematics classrooms. Judging from
our results as well as previous studies, it seems appropriate to devote substantial resources to
also address verbal, spatial, and general reasoning skills during regular mathematics instruc-
tion, thereby broadening our understanding of mathematics not only in assessment, but also in
educational practice.

8 Conclusion

The study presented here is based on the notion that mathematical word problem solving is a
multifaceted and complex task. Building on findings from studies that have analyzed prereq-
uisites of word problem solving in isolation, our approach was to include multiple student and
task characteristics simultaneously. This approach offered a new perspective on the interplay
among the various predictors of successful word problem solving. While many of our analyses
were explorative in nature and call for more systematic studies, the results suggest that
different complex word problems can vary considerably in terms of the required set of
cognitive skills beyond arithmetic, and that only verbal skills seem to be a constant prerequisite
for this type of mathematical tasks.
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Appendix

Fig. 2 English version of the item Racing Car (M159Q04). Adapted from PISA Released Items - Mathematics
(p. 33), by OECD (2006). Copyright 2006 by the OECD. Used under CC BY-NC-SA 3.0 IGO
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Fig. 3 English version of the item Mount Fuji (PM942Q02). Adapted from PISA 2012 Released Mathematics
Items (p. 20), by OECD (2013b). Copyright 2013 by the OECD. Used under CC BY-NC-SA 3.0 IGO
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Fig. 4 English version of the item Water Tank (M465Q01). Adapted from PISA Released Items - Mathematics
(p. 60), by OECD (2006). Copyright 2006 by the OECD. Used under CC BY-NC-SA 3.0 IGO
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Fig. 5 English version of the item Revolving Door (PM995Q02). Adapted from PISA 2012 Released Mathe-
matics Items (p. 34), by OECD (2013b). Copyright 2013 by the OECD. Used under CC BY-NC-SA 3.0 IGO
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Fig. 6 English version of the item Selling Newspapers (PM994Q03). Adapted from PISA 2012 Released Mathematics
Items (p. 78), by OECD (2013b). Copyright 2013 by the OECD. Used under CC BY-NC-SA 3.0 IGO
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