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Results

The extension of the DeGroot-Friedkin model to a bounded confidence model

NONLINEAR DYNAMICS AND OPINION FORMATION
IN TIME VARYING NETWORKS

Abstract: The communication structures within our society can be visualized as networks, that are dynamic and change over time due to various factors. Numerous mathematical models
have been developed to simulate opinion dynamics. These models are predominantly agent-based, where an opinion-forming process occurs through interactions between individual agents.
The interaction processes are based on an underlying network of agents. The DeGroot (DG) model [1] is the most well-known continuous opinion space model. According to this model, a
person's opinion is derived from their previous opinion and the influence process. In addition to DG-based models, there are also continuous opinion space models with bounded
confidence [2]. These are characterized by individuals ignoring ideas or opinions that are too far removed from their own. However, these models do not assume an underlying interaction
network, but rather assume interactions between all individuals in the population. We extend the DeGroot-Friedkin (DGF) model [3] with constant self-weights for the development of social
influence networks to a bounded confidence model. Based on this extended DGF model, we analyze opinion-forming processes in different network topologies.

The DGF model uses a row-stochastic interaction matrix C ∈ ℝ!×! to describe the mutual interactions of n ∈ ℕ agents. The vector y(t) ∈ ℝ! describes the opinions of the agents at time
t ∈ ℤ, where y# t ∈ −1,1 . Each agent has a self-weight that indicates the relative control of keeping the own opinion, which is represented by the entries of vector s ∈ ℝ! with s# ∈ [0,1].
Here we choose a constant s. The influence matrix W t and the updated opinions are given by:

W t = diag s + (I! − diag[s]) : C (1)

y t + 1 = W t : y t , (2)

where diag s is the diagonal matrix with entries of s on its diagonal.

As an extension, an interaction partner’s opinion now only affects the agent's own opinion if it falls within the predefined ϵ-neighborhood, where ϵ ∈ [0,2]. For this, we substitute C in
equation (1) by C$ t , which we obtain by deleting the corresponding entries in C, for which the agents' opinions are further apart than the chosen ϵ at t (and subsequent row-normalization).

Outlook: Further, we introduce special agents that can influence the interaction partners outside of the ϵ-neighborhood.
These special agents are therefore considered to represent social media because their opinions never change, and
everyone is influenced by one of them. We simulate and analyze random opinion formations under different conditions, for
example using random interaction matrices for weekdays and weekends, and examine the emergence of consensus,
polarization, and coexistence of different opinions in different network topologies.
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Random networks
𝐧 = 𝟏𝟎𝟎, 𝐦𝐚𝐱𝐢𝐦𝐮𝐦	𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞	𝐢𝐧𝐭𝐞𝐫𝐚𝐜𝐭𝐢𝐨𝐧	𝐩𝐚𝐫𝐭𝐧𝐞𝐫𝐬 = 𝟓

Barabási-Albert (B-A) scale-free networks [4]
𝐧 = 𝟏𝟎𝟎, 𝐦𝟎 = 𝟓, 𝐦𝐥𝐢𝐧𝐤 = 𝟏

Impact of 𝝐 and self-weight

[1] DeGroot, M. H. (1974). Reaching a Consensus. Journal of the American Statistical Association, 69(345), 118–121.
[2] Hegselmann, R. & Krause, U. (2002). Opinion dynamics and bounded confidence models, analysis and simulation. Journal of Artificial Societies and Social Simulation, 5(3), 1-30.
[3] Jia, P. et al. (2015). Opinion Dynamics and the Evolution of Social Power in Influence Networks. SIAM Review, 57(3), 367-397.
[4] Albert, R. & Barabási, A.-L. (2002). Statistical mechanics of complex networks. Reviews of Modern Physics, 74(1), 47-97.
[5] Watts, D. J. & Strogatz, S. H. (1998). Collective dynamics of ‘small-world’ networks. Nature, 393(6684), 440-442.

The W-S algorithm starts from a ring lattice with n
vertices. Each vertex is connected to its 2 : k nearest
neighbors. Each edge is then rewired with probability β,
where 0 ≤ β ≤ 1. These networks can be highly
clustered and still have small characteristic path lengths.
Thus 2 : k is still the average node degree. For
0.05 ≤ β ≤ 0.15 the WS-algorithm generates a small-
world network.

Watts-Strogatz (W-S) small-world networks [5]
𝐧 = 𝟏𝟎𝟎, 𝐤 = 𝟑, 𝛃 = 𝟎. 𝟎𝟓
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with 100 agents and self-weight = 0.9

15

15

15

15

16

17

18

18

20

22

23

6

6

6

6

7

7

8

9

9

11

12

14

16

19

23

3

3

3

3

3

3

4

4

5

6

7

8

10

12

15

19

1

1

1

1

2

2

2

2

3

3

4

5

6

7

10

13

18

1

1

1

1

1

1

1

1

2

2

2

3

4

5

6

9

14

22

1

1

1

1

1

1

1

1

1

1

2

2

2

3

4

7

10

17

1

1

1

1

1

1

1

1

1

1

1

1

2

2

3

5

7.5

14

1

1

1

1

1

1

1

1

1

1

1

1

1

2

2

3

6

11

23

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

3

4

9

20

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

3

7

18

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

3

6

16

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

5

14

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

4

12

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

3

10

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

3

9

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

8

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

7

24

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

6

23

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

2

5

22

34

34

34

34

35

35

36

36

37

38

39

39

40

41

43

43

45

46

47

49

25

28

30

33

36

39

42

44

47

26.5

32

37

41

45

25

32

38

43

27

35

41

32

39

29

38

26

36 35 33 32 31 29 28 27 26 25

5

10

15

20

25

30

35

40

45

1 2 3 4 5
Size of mlink

2
1.9
1.8
1.7
1.6
1.5
1.4
1.3
1.2
1.1

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

-n
ei

gh
bo

rh
oo

d

Median time to final opinion states in a scale-free network
with 100 agents and self-weight = 0.9

500

1000

1500

2000

2500

3000

3500

4000

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Maximum possible interaction partners

2
1.9
1.8
1.7
1.6
1.5
1.4
1.3
1.2
1.1

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

-n
ei

gh
bo

rh
oo

d

Median time to final opinion states in a random network
with 100 agents and self-weight = 0.9

1000

2000

3000

4000

5000

6000

7000

2 4 6 8 10 12 14 16 18 20
Average degree of vertices 2k

2
1.9
1.8
1.7
1.6
1.5
1.4
1.3
1.2
1.1

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

-n
ei

gh
bo

rh
oo

d

Median time to final opinion states in a small-world network
with 100 agents,  = 0.05 and self-weight = 0.9

2000

4000

6000

8000

10000

12000

14000

1 2 3 4 5
Size of mlink

2
1.9
1.8
1.7
1.6
1.5
1.4
1.3
1.2
1.1

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

-n
ei

gh
bo

rh
oo

d

Median of final opinion states in a scale-free network
with 100 agents and self-weight = 0.9

1
1
2
3
4
6
8

11
14
16
20
22

1
1
1
1
1
1
2
2
3
4
6
7
9

12
16
21

1
1
1
1
1
1
1
1
1
2
2
3
4
6
8

12
18

1
1
1
1
1
1
1
1
1
1
1
2
2
3
5
7

11
19

1
1
1
1
1
1
1
1
1
1
1
1
1
2
3
4
7

14

26
29
32
36
39
42
45
47

27
34
40
44

26
35
41

30
38

26
36

5

10

15

20

25

30

35

40

45

2 4 6 8 10 12 14 16 18 20
Average degree of vertices 2k

2
1.9
1.8
1.7
1.6
1.5
1.4
1.3
1.2
1.1

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

-n
ei

gh
bo

rh
oo

d

Median of final opinion states in a small-world network
with 100 agents,  = 0.05 and self-weight = 0.9
1
2
2
3
4
6
8

11
13
16
19
22

1
1
1
1
1
1
1
1
1
2
3

4.5
7

10
15
20

1
1
1
1
1
1
1
1
1
1
1
1
2
3
5
9

15
22

1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
4
8

15

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
4
9

20

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
6

15

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
4

12

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
9

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
6

21

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
5

19

25
28
31
34
37
40
43
45

25
30
35
41

30
37

24
33 30 28 25 23

5

10

15

20

25

30

35

40

45

9 1

The B-A algorithm starts with a small number of
connected nodes, usually m% = 5 nodes. After each time
step, another node is added to the network, with each
new node being connected to mlink ≤ m% nodes already
present in the network. A new node is connected to an

existing node i with probability Π(k#) =
&!
∑" &"

, where k# is

the degree of node i. After t time steps, the network has
n = t + m% nodes and mlink ) t added edges. 

In our simulations we use for each of a thousand runs a
random interaction matrix based on a chosen network
topology. The initial opinions y% = y(0) of the n agents
are generated randomly in each run.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

-neighborhood

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Se
lf-
w
ei
gh
t

Median time to final opinion states in a small-world network
with 100 agents, k = 3 and  = 0.05

1000

2000

3000

4000

5000

6000

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

-neighborhood

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Se
lf-
w
ei
gh
t

Median time to final opinion states in a scale-free network
with 100 agents and mlink = 1

500

1000

1500

2000

2500

3000

3500

4000

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

-neighborhood

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Se
lf-
w
ei
gh
t

Median time to final opinion states in a random network    
with 100 agents and 5 maximum possible interaction partners

500

1000

1500

2000

2500

3000

3500

4000

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

-neighborhood

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Se
lf-
w
ei
gh
t

Median of final opinion states in a scale-free network
with 100 agents and mlink = 1

22

22

22

23.5

23

22

21

20

19

19

21

22

22

20

19

18

17

17

17

18

19

19

16

16

16

14

14

14

15

16

16

14

13

13

12

11

12

13

13

13

11

11

10

10

9

10

10

10

11

8

8

8

8

7

8

8

8

8

6

6

6

6

6

6

6

6

6

4

4

4

4

4

4

4

4

4

3

3

3

3

2

3

3

3

3

2

2

2

2

2

2

2

2

2

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

47

45

43

42

41

42

43

44

45

45

44

42

40

39

40

41

42

43

42

41

40

38

37

38

39

40

41

39

38

37

35

34

35

36

38

39

36

35

33

32

31

32

33

35

35

32

31

30

29

28

29

30

32

32

29

28

26

25

25

25

27

28

29

26

25

24

25

26
5

10

15

20

25

30

35

40

45

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

-neighborhood

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Se
lf-
w
ei
gh
t

Median of final opinion states in a random network         
with 100 agents and 5 maximum possible interaction partners

19

18

18

18

19

20

13

13

13

13

13

15

15

16

17

10

10

9

9

10

10

11

12

12

7

7

7

7

7

8

8

8.5

9

6

6

5

6

5.5

6

6

6

7

5

5

4

4

5

5

5

5

5

4

4

4

4

4

4

4

4

4

3

3

3

3

3

3

3

3

3

2

3

3

2

3

3

3

3

3

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

1

2

1

2

1

2

1

2

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

41

37

34

33

32

33

33

34

35

35

33

31

30

28

29.5

30

32

33

26

26

25

24

24

25

26

27

29

21

22

23
5

10

15

20

25

30

35

40

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

-neighborhood

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Se
lf-
w
ei
gh
t

Median of final opinion states in a small-world network
with 100 agents, k = 3 and  = 0.05

18

15

14

13

13

13

14

14

15

15

9

9

8

8

8

9

9

9

9

5

5

5

5

5

5

5

5

6

3

3

3

3

3

3

3

3

3

2

2

2

2

2

2

2

2

2

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

37

32

30

28

27

29

29

30

31

30

26

24

24

24

25

25

26

27

22

20

19

19

20

20

21

21
5

10

15

20

25

30

35

Impact of neighbors and 𝝐


